ABSTRACT: Because of the size of polypeptides and proteins, the quantum-chemical prediction of their vibrational spectra presents an exceptionally challenging task. Here, we address one of these challenges, namely, the inclusion of anharmonicities. By performing the expansion of the potential energy surface in localized-mode coordinates instead of the normal-mode coordinates, it becomes possible to calculate anharmonic vibrational spectra of polypeptides efficiently and reliably. We apply this approach to calculate the infrared, Raman, and Raman optical activity spectra of helical alanine polypeptides consisting of up to 20 amino acids. We find that while anharmonicities do not alter the band shapes, simple scaling procedures cannot account for the different shifts found for the individual bands. This closes an important gap in theoretical vibrational spectroscopy by making it possible to quantify the anharmonic contributions and opens the door to a f irst-principles calculation of multidimensional vibrational spectra.
V ibrational spectroscopy is an essential experimental technique for probing the fast structural dynamics of biomolecules such as polypeptides and proteins. 1, 2 In addition to conventional infrared (IR) and Raman spectroscopy, specialized techniques such as their chiral variants, vibrational circular dichroism (VCD), and Raman optical activity (ROA), as well as methods such as resonance Raman spectroscopy and two-dimensional infrared (2D-IR) spectroscopy play a major role, because these can provide more specific structural information. 3, 4 For the interpretation of such vibrational spectra and for extracting structural information from them, theoretical modeling is generally mandatory. 5 This is particularly true for specialized techniques such as VCD and ROA for which simple empirical rules are lacking. However, the f irst-principles prediction of vibrational spectra of polypeptides and proteins with quantum-chemical methods presents an exceptionally challenging task.
First, polypeptides and proteins consist of hundreds to thousands of atoms, which results in a considerable computational effort already for the calculation of the harmonic vibrational spectrum for a single structure. 6 For methods other than IR, an additional effort is required for the calculation of the property tensor derivatives that determine the vibrational intensities. 5 This usually restricts the quantum-chemical treatment to density-functional theory (DFT), which in turn introduces inaccuracies due to the use of approximate exchange−correlation functionals. Second, the inclusion of solvation effects is essential for polypeptides and proteins in solution but is feasible only with simplified implicit or explicit solvation models. 7 Third, accounting for the conformational flexibility of polypeptides and proteins requires calculations for many different structures from a suitably generated ensemble. 8, 9 While methods tackling some of these challenges have been developed, 10−14 the inclusion of anharmonic corrections in the quantum-chemical calculation of vibrational spectra of polypeptides and proteins has not been addressed to date. Instead, vibrational spectra calculated in the harmonic approximation are corrected by applying a scaling factor. 15, 16 However, it remains unclear how anharmonic corrections affect vibrational spectra of polypeptides and proteins and whether simple scaling procedures are justified. In particular for chiral vibrational spectroscopies, anharmonic corrections could significantly alter band shapes and the observed intensity patterns. 17 Because the lack of anharmonicities is only one of the shortcomings of harmonic vibrational calculations for polypeptides and protein, its significance cannot be assessed by comparing calculated harmonic spectra directly to experiment, but computational studies comparing calculated harmonic and anharmonic spectra are required.
On the other hand, for small molecules with up to 10−20 atoms, anharmonic vibrational spectra can be calculated with an incredible accuracy of up to 1 cm −1 for the fundamental vibrations by combining high-accuracy potential energy surfaces with state-of-the-art methods, in particular, vibrational selfconsistent field (VSCF) plus vibrational configuration interaction (VCI) and vibrational coupled cluster (VCC) theory, for solving the vibrational Schrodinger equation. 18−20 The importance of anharmonicities for achieving a satisfactory agreement with experiment is well-established for such small molecules 21 and has been assessed for dipeptides. 22 It has been shown that anharmonicities can have a significant effect on the intensity patterns observed in chiral vibrational spectroscopies. 23, 24 More approximate perturbative methods allow for the inclusion of anharmonicities for medium-sized molecules with up to about 50 atoms, 25, 26 but the steep scaling of the computational costs puts a treatment of anharmonic corrections for polypeptides and proteins with such methods out of reach.
This Letter aims at closing this apparent gap between the possibility of a highly accurate prediction of anharmonicities for small molecules and their complete neglect or highly empirical treatment for polypeptides and proteins. Through the expansion of the potential energy surface required for the prediction of anharmonic vibrational spectra in localized modes instead of normal modes, an efficient yet reliable treatment becomes possible. 27, 28 Here, we apply this localized-mode VSCF/VCI (L-VSCF/L-VCI) method to the test case of helical alanine polypeptides to demonstrate its applicability to polypeptides and to investigate the impact of anharmonic corrections on their IR, Raman, and ROA spectra.
The calculation of anharmonic vibrational spectra is commonly based on the n-mode expansion of the potential energy surface 29, 30 ∑ ∑
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where M is the number of considered modes and
, and so on are one-mode, two-mode, three-mode, and higher-order contributions. In anharmonic calculations for small molecules, this expansion is usually performed in terms of the normal-mode coordinates, q i , up to a certain order. However, these normal modes in polypeptides and proteins are in general very delocalized, 31 which results in large anharmonic couplings (two-mode and higher-oder potentials) between normal modes and a very slow convergence of the n-mode expansion and, in turn, of the VCI expansion 27, 28 (for related work, see also refs 32−36). We have previously shown that an efficient treatment of anharmonicities is possible by performing a transformation from normal modes to rigorously defined localized modes. 27, 31 Thus, we perform the n-mode expansion with respect to localized-mode coordinates, qĩ, instead of the normal-mode coordinates, q i . We then truncate this expansion at second order and introduce additional approximations for the twomode potentials
Here, the first term contains the one-mode potentials, which are calculated on a grid of 16 points along each localized-mode coordinate. The second term describes the harmonic part of the two-mode potentials, which arises because the Hessian matrix with respect to localized-mode coordinates,̃=
pot , is not diagonal. However, this contribution does not require any additional computational effort compared to the harmonic approximation and is thus included for all pairs of modes. Finally, the third term contains the anharmonic contributions to the two-mode potentials Ṽi j (2,a) (q̃i, q̃j), which are calculated explicitly on grids of 16 × 16 points 27 using DFT/BP86/TZVP (see Computational Methods for details). Here, these anharmonic two-mode potentials are included only for relevant With this expansion for the potential-energy surface, the vibrational Schrodinger equation is solved using L-VSCF/L-VCI, as described in refs 27 and 28. For the IR spectra, the electronic anharmonicities are included by using an n-mode expansion of the dipole moment surface that mirrors the one used for the potential energy surface. For Raman and ROA, the required polarizability tensor surfaces would introduce a significant additional computational effort. Therefore, for Raman and ROA the intensities are treated by assuming that these polarizability tensors depend linearly on the nuclear displacements. Further details on the calculation of the IR, Raman, and ROA intensities are given in the Supporting Information.
As a first test case, we consider a decaalanine polypeptide in its 3 10 -helical conformation, denoted 3 10 -Ala 10 in the following. Previously, 27 we have investigated the applicability of L-VSCF/ L-VCI calculations for the amide I and II bands in helical Ala 6 and found that the L-VCIS-0+h model, in which only anharmonic one-mode potentials and harmonic two-mode potentials are included (i.e., all anharmonic two-mode potentials in the third term of eq 2 are neglected), can serve as an efficient and accurate approximation for including anharmonicity in vibrational calculations for polypeptides. To apply this model, the normal modes are assigned to bands as described in ref 37 , and a unitary transformation of the modes within each of these bands is performed to arrive at maximally localized modes. Further details on the assignment are given in the Supporting Information.
In our calculations we are considering the spectral region between 1100 and 1800 cm −1 consisting of 111 normal modes, in which the most important bands for polypeptides and proteins vibrational spectroscopy can be found. The construction of the anharmonic one-mode potentials expanded on 16-point grids then requires 1776 single-point energy calculations. If we want to include anharmonic two-mode potentials within each subset of localized modes, another 11 520 single-point (SP) energy calculations would be required. On top of that, including all two-mode couplings between different bands in the considered region of the spectrum requires 1 551 360 additional SP calculations. Thus, for 3 10 -Ala 10 the L-VCIS-0+h model reduces the computational effort by 3 orders of magnitude.
The infrared spectrum obtained with the L-VCIS-0+h model in the spectral region between 1100 and 1800 cm −1 is shown in the lower panel of Figure 1 . For comparison, the upper panel of Figure 1 shows the spectrum calculated in the double-harmonic approximation. Overall, the calculated harmonic and the anharmonic spectra are very similar, and the main difference is a shift of the bands from the harmonic to the anharmonic spectra. However, this shift is not uniform but differs for each of the bands. For the amide I band, the maximum is shifted from 1651 to 1644 cm −1 , which resembles the behavior often modeled with an empirical scaling of the calculated harmonic spectrum. On the other hand, the maximum of the amide II band shifts from 1507 to 1516 cm −1 , i.e., in the opposite direction. Similarly, for the lower-wavenumber features at 1465 and 1479 cm −1 , a small, yet not uniform, blue shift is observed. For the amide III band, the anharmonicity does not influence the shape of the band, but again in the L-VCIS-0+h model a shift toward higher wavenumbers is observed, namely to 1221 cm −1 . Finally, for the skeletal C−N-stretching region (band 3 in Figure 1 ), the band is only slightly shifted, but a rather pronounced change of the band shape is observed. The fact that anharmonicities can result in a shift of certain features to higher wavenumbers might at first seem surprising. It is mostly due to the fact that the anharmonicities can affect modes belonging to one band of the spectrum differently, resulting in an apparent shift of the peak maximum.
Thus, the LVCI-S-0+h model makes it possible to include anharmonicities in the calculation of the vibrational spectra of 3 10 -Ala 10 at a reasonable computational cost and predicts some changes in the infrared spectra that could not be obtained from 
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Letter a simple scaling procedure as it is usually applied. Nevertheless, the infrared spectrum remains qualitatively unchanged and the differences are, while non-negligible, in general rather subtle.
In the investigated model, L-VCIS-0+h, we include only the harmonic two-mode potential arising from the localization of the normal modes. The validity of this approximation can be assessed by successive inclusion of additional anharmonic twomode potentials explicitly in the last term of eq 2. It has been shown previously 27, 32 that the mutual couplings of localized modes exhibit a decay with the distance between the centers of the localized modes. Therefore, additional couplings can be included based on this distance.
To confirm the applicability of the simplified L-VCIS-0+h model, we investigate the influence of including additional 
Letter explicit anharmonic two-mode potentials on amide III band. The IR, Raman, and ROA spectra calculated for the amide III band with different models are compared in Figure 2 . As already observed for the IR spectrum (cf. Figure 1) , the L-VCIS-0+h model leads to a small shift of the amide III band toward higher wavenumbers; however, the band shape remains unchanged for all three types of spectra. If the anharmonic twomode couplings between the amide III localized modes on one, two, or three nearest-neighbor residues are included in the L-VCIS-1+h, L-VCIS-2+h, and L-VCIS-3+h models, respectively, no further change of the spectra is observed. As the thirdnearest neighbor corresponds to one full turn of the 3 10 -helix, we expect that including additional two-mode couplings will have no further effect.
In addition, we have also included couplings of the localized amide III modes with localized modes of other bands. First, in the L-VCIS-1ext+h model, for each localized amide III mode its anharmonic couplings to the amide III as well as the C−H-bending localized modes (bands 5 and 6 in Figure 1 ) on the same and on the neighboring residues are included. Thus, all nearest-neighbor couplings within the extended amide III region 38 are included. Second, in the L-VCIS-1am+h model, for each localized amide III mode its anharmonic couplings to the amide I, amide II, and amide III localized modes on the same and on the neighboring residues are included. Both these models result in IR, Raman, and ROA spectra that are largely identical to those obtained with L-VCIS-0+h. Some slight changes in the band shapes, such as a change of the negative feature at ca. 1240 cm
, can be noticed only for the ROA spectra. Finally, we also note that L-VCIS is indeed sufficient in all the cases considered here, as is show in the Supporting Information by comparing to L-VCISD and L-VCISDT, which result in identical spectra for the models considered here.
Having established the applicability of the L-VCIS-0+h model for the vibrational spectra of polypeptides, we turn to a second example, namely, dodecaalanine Ala 20 in an 3 10 -helical and in an α-helical conformation. The IR, Raman, and ROA spectra of these models have been studied previously in refs 17 and 39, and the assignment of the normal modes to vibrational bands used here is the one established previously (see the Supporting Information for further details).
The calculated anharmonic IR, Raman, and ROA spectra obtained with the L-VCIS-0+h model for both helical conformations in the spectral region between 1000 and 1700 cm −1 are presented in Figure 3 , alongside the corresponding spectra calculated in the double-harmonic approximation. For Ala 20 , the calculation of the anharmonic one-mode potentials for all modes in this spectral region required 2912 single-point energy calculations. Including the anharmonic two-mode couplings within each band would require an additional 515 840 single-point energy calculations, whereas including all anharmonic two-mode couplings within the considered spectral region would require 4 216 576 additional single-point energy calculations.
Overall, the harmonic and anharmonic vibrational spectra shown in Figure 3 are qualitatively rather similar in all cases. Most significant is the shift of certain bands when going from the harmonic to the anharmonic spectrum. The largest shift is found for the amide I band, which shifts from 1638 to 1624 cm −1 in the 3 10 -helical conformation and from 1659 to 1645 cm −1 in the α-helical conformations. For other bands, in particular the amide II band (at ca. 1513−1514 cm ), a small shift to larger wavenumbers is found. The remaining bands hardly change when going from the harmonic to the anharmonic calculations. Looking at the ROA spectra, the inclusion of anharmonicities introduces only rather small and subtle changes to the band shapes and the intensity patterns that are hardly visible. All the features that are characteristic for the specific helical conformations, such as the inverted amide I couplet, 37, 39 are not affected by the inclusion of anharmonicities.
In summary, we find that anharmonic corrections have only a minor effect on the IR, Raman, and ROA spectra of polypeptides. They do not alter the band shapes significantly, which is an important observation in particular for ROA spectroscopy where the band shapes intricately depend on the mechanical and electronic coupling of local vibrations. 39 The main effect of anharmonic corrections is a shift of some parts of the spectrum. However, this shift is not uniform but specific for each vibrational band. These effects cannot be reproduced with the empirical scaling methods commonly used.
Here, we have demonstrated that the efficient L-VCIS-0+h model is suitable for include these effects from f irst-principles, without the need to introduce empirical scaling parameters. Thus, this computational model can provide a reliable estimate of the impact of anharmonicities on the vibrational spectra of polypeptides. Moreover, its accuracy can be systematically validated by successively including the most important anharmonic two-mode couplings explicitly. The additional computational effort required by the L-VCIS-0+h model is comparable to and exhibits the same scaling as the calculation of the harmonic Raman or ROA spectra. Finally, the decay of the couplings between localized modes makes it possible to assess the reliability of the L-VCIS-0+h model by successively including additional couplings, as has been done here for Ala 10 (cf. Figure 2) .
Of course, the simple and efficient L-VCIS-0+h model as applied here has some remaining limitations. First, the coupling between different vibrational bands has been neglected. While this approximation can be shown to be justified for the coupling between bands in the relevant region of the spectrum between 1100 and 1800 cm −1 , the coupling to the intrinsically delocalized low-frequency vibrations might lead to additional anharmonic corrections. Here, our L-VSCF/L-VCI methodology can provide a starting point for a perturbative treatment of these couplings. Second, we have considered only fundamental vibrations, and overtones and combination bands as well as their coupling to the fundamentals have not been included. However, their treatment is straightforward within our L-VSCF/L-VCI methodology. Thus, beyond IR, Raman, and ROA spectroscopy, the L-VSCF/L-VCI methodology applied here also provides a natural starting point for the f irst-principles calculation of two-dimensional vibrational spectroscopies. 40 While we have been able to address one of the challenges of theoretical vibrational spectroscopy for polypeptides and proteins by reliably assessing the importance of anharmonic corrections, several challenges remain. To compare the calculated spectra directly to experiment, it will be necessary to also address the inclusions of solvation effects and of the conformational flexibility of proteins. However, the results presented here show that it will be possible to tackle these challenges independently from the treatment of anharmonicities.
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■ COMPUTATIONAL METHODS
The optimized structures of the helical alanine polypeptides, namely 3 10 -Ala 10 , 3 10 -Ala 20 , and α-Ala 20 , were adapted from refs 37 and 39, respectively. Therein and in this work all electronic structure calculations were performed using density-functional theory (DFT) with the TURBOMOLE program package. 41, 42 The BP86 exchange-correlation functional, 43, 44 with Ahlrichs' def-TZVP basis set, 45 along with the resolution-of-the-identity (RI) approximation and suitable auxiliary basis sets were used. 46, 47 The normal modes and the required property tensor derivatives in the harmonic approximations were obtained with the SNF module of the MOVIPAC program package 48, 49 employing the same computational methodology.
The anharmonic vibrational L-VSCF/L-VCI calculations were performed with our Python code VIBRATIONS, 27, 28 which utilizes the VibTools 31,49 package for localizing the normal modes and the property tensor derivatives obtained with the SNF program. The anharmonic one-mode and two-mode potentials were calculated directly on 16-point grids, using the PYADF scripting framework 50 as an interface to TURBOMOLE. These calculations employed DFT/BP86/def-TZVP for the one-mode potentials and DFT/BP86/def2-TZVP 51 for the two-mode potentials. All vibrational spectra are plotted by convoluting the individual transitions with Lorentzian peaks with a full width at half-maximum of 15 cm 
